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ABSTRACT 

The theory of magnetohydrodynamics is extended to the cases of a plasma of separate 
magnetic and electric charges, as well as to a plasma of dyons respectively. In both these 
cases the system possesses electric-magnetic duality symmetry. In the former case we 
find that because of the existence of two independent generalized Ohm's law equations, 
the limit of infinite electric and magnetic conductivity results in the vanishing of both 
electric and magnetic fields, as well as the corresponding currents. In the dyonic case, 
we find that the resulting duality-invariant system of equations are equivalent to those 
of ordinary MHD, after suitable field redefinitions. 
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Recently Polyakov [1] presented a new radical approach to the study of two dimen- 
sional (2d) turbulent fluids by proposing that certain conformal field theories (CFT) 
might offer a description of fully developed turbulence. Ferretti and Yang [2] applied 
these ideas to the effective field theory approximating 2d plasmas- i.e., 2d magnetohy- 
drodynamics (MHD). Recently we presented some new results [3] which extended the 
work of [2]. Strictly speaking, the theories studied in [2,3] were 3d MHD dimensionally 
reduced to 2d-i.e. all fields are taken to be independent of the third coordinate. In 
this way a generalized 2d MHD is obtained in which there are passive scalars as well 
as the usual velocity, electric and magnetic fields. Pure 2d MHD can be obtained by 
consistently setting to zero the passive scalars. 

In this letter, motivated by a desire to obtain even more generalized MHD equations 
in 2d, with a view to applying CFT techniques in looking for possible solutions in the 
turbulent regime [4] , we shall construct the analogue of the MHD equations of plasmas 
that incorporate magnetic charges. Of course such theories like ordinary MHD, should 
find much broader physical applications. As we shall see there are at least three 
ways of accomplishing this. One could consider a purely magnetic plasma, consisting 
of oppositely charged magnetic monopoles. This is in fact the direct analogue of the 
usual plasma of electric charges (see e.g. [5]). Secondly we can consider a plasma 
where both types of charges are present- a kind of interacting pair of electric and 
magnetic plasmas. Finally, we may consider plasmas involving particles that carry 
both electric and magnetic charges- i.e. dyons. We shall see that all these possibilities 
can display MHD-like equations having different physical properties. Moreover all these 
possibilities are deeply connected with the idea of electric-magnetic duality. 

First we consider the situation where we have a plasma consisting of magnetic 
monopoles and their ionic counterparts - "magneto- ions" . Following the well known 
methods (see for example [6]) that yield ordinary MHD in 3 dimensions, by deriving 
1-fluid equations from the 2-fluid description, we shall obtain analogous "dual" MHD 
equations (referred to perhaps more appropriately as electrohydrodynamics in [5]). We 
begin with Maxwell's equations including both electric and magnetic currents J e , J m 



4 For example, there has been interesting recent work concerning the existence of electric string 
solutions in the MHD of magnetic monopole plasmas [5] 
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V-E = p c , V-B = p m , 

4"7T 1 4"7T 1 

V x B = — J e + -d t E, V x E = J m - -d t B (1) 

c c c c 

which are well known to be invariant under the electric-magnetic duality transforma- 
tions (see for example [7]): 

E — > B, B — > — E J e — > J, m , J m — > — J e p c — > p m , p m — > — p c (2) 

where p m and p e are the corresponding magnetic and electric charge densities respec- 
tively. 

We now show how we can implement and extend this symmetry to the full set 
of MHD equations. The two-fluid equations for our monopole plasma analogous to 
ordinary electric plasmas are: 

<9 t n s (x, t) + V • (h s v s ) = 0, 

m s n s (9 ( v s + v s -Vv s ) = -VP S + g s n s (B - -v s x E) + K s (x), (3) 

c 

where the quantities rh s , g s , P s and h s are respectively the mass, magnetic charge, pres- 
sure and number density of the individual species s, where s = g or i corresponding 
to the monopoles or magnetic ions, ~v s is the corresponding velocity field and K s rep- 
resents the change in momentum of species s at position x due to collisions. Usual 
scattering arguments [6] lead us to take K« = — K 9 . Note that g g = —gi = g is the 
magnetic charge of the monopole. The force equation is the dual of the standard one, 
using (|). 

In order to sum up over species, the following quantities are defined, 

p A/ (x) = m g n g (x) +m i n i (x), p m (x) = -g{n g - n*), 

v = —(mghgVg + mihiVi), J m = g{hiVi - n g v g ), 
Pm 

p = P g + h. (4) 

If we assume that fh g <C rhi, h g « hi, we are then led to the following one- fluid 
equations, 

d t pM + V ■ (pmv) = 0, d t pm + V ■ 3 m = 0, 

Pm(<%v + v-Vv) = -VP + p m B - - J m x E, 

c 



—*—zd t J m = ~ VP + (B - -v x E) + J m x E (5) 

PmT 2p M g c p M gc a m 

coupled to the duality invariant Maxwell's equations of (]l|) with p c = J e = 0. The last 
equation in (5) is the magnetic analogue of Ohm's law, with magnetic conductivity o m . 

Finally we note that these "electrohydrodynamic" equations [5] are related to the 
usual MHD equations through the duality transformations (Q), together with the trans- 
formations e — > g, g — > — e, m e <-> m g , rrii <-> m», cr e <-> cr m , p M <-> p M and v <-> v. 

We now turn to the magnetohydrodynamic description of a mixed plasma consist- 
ing of electrons, ions, magnetic monopoles and their corresponding magnetic "ions". 
For such a system the relevant equations have to be amended to take into account 
the presence of the different species. Maxwell's equations, for example, have to be 
generalized to include the effects of both electric and magnetic charges and currents in 
a duality-invariant way, hence the self-dual equations ([!]) are relevant. 

In this case we also have two sets of two-fluid conservation and force equations: 

d t n s + V ■ (n s v s ) = 0, s = e, i, 

d t n s + V ■ (h s v s ) = 0, s = g,i, 

m s n s {dtv s + v s • Vv s ) = -VP S + q s n s (E + -v s xB) + K s , 

c 
1 

m s n s (9 ( v s + v s -Vv s ) = -VP S + g s n s (B - -v s x E) + K s , (6) 

c 

where q e = — e, q% = e and g g = —g, gi — g, v s , n s and P s are the electric analogues of 
the quantities defined earlier. 

After summing over species, the following one-fluid conservation equations are ob- 
tained: 

dtpM + V • (p M v) = 0, d tPc + V • J e = 0, d tPm + V • J m = (7) 

where the quantities PmjV, p c and p m are again just the generalizations of similar 
quantities in @) to the 4-species case. The generalized Navier-Stokes equation is: 

p M [d t y + (v • V)v] = -VP + p c E + p m B + -J e x B - -J m x E + ]T(K S + K s ). (8) 

c c V 

P being the total pressure and K. s the collision term that changes the momentum of 
electric charges. Evidently (8) is invariant under electric-magnetic duality. 

Previously we considered a plasma of purely magnetic charges, (in analogy with 
pure electric) where standard arguments led to the vanishing of J2 S K s (or J2s K s ) 
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respectively. However, in the present situation where both types of charges are present, 
we have to be a little more cautious as there could, in principle, be interactions between 
electric and magnetic charges that can influence the sum J2 S K s + K s . To understand 
this problem further, it is useful to consider 2-dimensions, and recall some well known 
properties [8] of Coulomb gases consisting of both electric and magnetic charges. What 
is evident from [8] is that magnetic and electric charges couple only through Bohm- 
Ahranov [9] type interactions of the form J2iLj e i®{zi ~ Vj)9j- Here we consider N 
electric and magnetic charges ei,gj, located at the points Zi,yj of the complex plane, 
and $(-2) = Arg(z). This topological kind of interaction is also present in 3 dimensions 
[10]. It is clear that whether in 2 or 3 dimensions, K s ( K s ) are predominantly influenced 
by the effective Coulomb forces which act between charges of the same type be they 
electric or magnetic. Irrespective of the particular nature of such interactions, what 
is important is that in our system the effective forces of collision will occur between 
charges of the same type. This leads to a picture of two plasmas, one with electric 
the other with magnetic charge carriers whose interaction is weak compared to their 
self interaction. Following arguments similar to those discussed earlier, we then expect 
that collisions between electrons and their corresponding ions will give J2 S K s = and 
similarly for the magnetic charge carriers, J2 S K s = . Consequently, these terms 
drop out of the 1-fluid force equation (§) above. 

In principle we can now construct two separate Ohm's law equations corresponding to 
J e and J m respectively: 

2 2 

^ 6 6 ri Tip Tij \ . _. 6 Tip . ^ (3 Tij . ^ 

d t 3 e = VP t +— VPe + e 2 - + - E+ -v e xB + -v,xB 

rrii m e m e rrii m e c rriiC 

+£— k s , 



rrii m g m g rrii f^gC rriiC 

9s T > 



+ £!^K S . (9) 



However to proceed further, we need to make a number of approximations and simpli- 
fying assumptions to obtain Ohm's laws that are written in terms of 1-fluid quantities 
only. The only new assumptions we need make in addition to those already used up 
to this point (and suitably generalized to the present case), are that |v e | ^> |vj| and 
|v g | ^> |vj|, which is natural for a plasma of such charges in thermal equilibrium when 
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we recall that m e <C m ; and m g <C m,. After some calculation we arrive at the 1-fluid 
formulation for the generalized Ohm's laws 

— J e = — —VP + -E + -v x B — J e x B J e 

p M e 2 Ap M e 2 c pA/ec 2a e 

fn a mi rhi „ 1 „ 1 A „ m^, „ 1 , , . 

^^9 t J m = -^VP+-B--vxE + ^J ro xE-— J m (10) 
Pm^ 4p A f# 2 c pm#c 2<7 m 

©) (i) an d (HH) constitute the equations of duality invariant MHD of a plasma of e 
and g charges. Before moving on to consider an alternative magnetic -electric plasma 
description where the two types of charges are localized at a point, thus defining a dyon, 
we shall investigate the ideal limit of the duality invariant MHD equations flip, (§) and 
(PH). Studying infinitely conducting (i.e. a e — > oo) ordinary (electric) plasmas, apart 
from being a useful simplifying limit, has proved useful in exhibiting many interesting 
properties of these systems [6]. Furthermore, when one considers the 2-dimensional 
case, the direct relevance of conformal field theory in describing certain properties of 
the turbulent phase is clearer in this limit [2,3], although some recent work has also 
considered finite conductivity [3] in this context. 

To obtain the equations of ideal MHD, we shall adopt the usual approximations [6] 
of low temperature, so the pressure term VP can be neglected, and low frequency, so all 
fields with time derivatives can be dropped compared to those without. In particular 
if we apply these approximations to the generalized Ohm's law equations flTUD, and 
further assuming that one may neglect the J e x B term compared tovxB [6] , as well 
as the magnetic analogue of this (which is neglecting J m x E with respect to v x E), 
we obtain 

J e = a e (E+-vxB), J m = a m (B--vxE). (11) 

c c 



We see that the above approximations still imply that both equations in (11) are 
related under the duality transformations of eqs (0). Now in the limits a e —>■ oo and 
a m oo the condition for there to exist both finite magnetic and electric currents 
requires 

2 2 
E = — v x B, B = -v x E. (12) 

c c 

Again equivalence of these equations under duality is obvious. Equations flip, (f|) and 
(O) constitute the ideal, duality invariant equations MHD for a plasma of separate 



5 



electric and magnetic charges. Note that for ordinary electric plasmas in this limit, 
since there is a single Ohm's law [6] only the first equation in fll^ ) is applicable. Having 
said that, the physical consequences of having two generalized Ohm's law eqns. flTU| ) 
instead of one are dramatic. This is because it is easy to show that (|T2| ) constitute an 
overdetermined set of equations for E and B, so that their only solution is E = B = 0. 
In the case of a single Ohm's law, e.g. the case of a purely electric plasma, the first 
of eqns ( |i2|) would simply determine E in terms of the velocity and magnetic fields. 
Ultimately we can understand the origin of two Ohm's laws in our mixed plasma as 
a consequence of both electric and magnetic charges coupling to the same E and B 
fields. Since the latter are obviously coupled via Maxwell's eqns, these two plasmas are 
never really decoupled. 

The duality invariant Maxwell equations with vanishing E and B fields require 
that the corresponding currents J m and J e vanish. One is tempted to interpret this 
as confinement of both electric and magnetic charge in the plasma, which is reflected 
in the fact that the duality invariant MHD equations simply reduce to those of an 
incompressible, inviscid fluid when one has vanishing E and B fields. However, such a 
conclusion should be treated with caution. In deriving the 1-fluid equations describing 
generalized Ohm's laws for both J e and J m , we used the approximation that Vj <C v e 
and Vj <C v e , which as we noted was quite natural given the hierarchical values of 
the masses m e ,mi,fh g , and m, as long as the system is completely in the plasma 
state i.e., we have a fluid of separate charges ±e, ±g. Thus as the system approaches 
confinement of both kinds of charge, the 1-fluid formalism breaks down. This is perhaps 
not surprising since information about the plasma has been lost not only in moving from 
the 4-fluid (recall we now have 4 species of charge carriers) to the 1-fluid description, 
but equally in choosing the low frequency, long wavelength approximation. Certainly 
one might expect short distance effects to be important as electron-ion and magnetic 
monopole-magneto ions recombine. 

In the final part of this letter we shall consider a dyonic plasma, i.e. one in which 
there are two species of dyons with opposite electric and magnetic charges. Recall 
that dyons (see for example the review [7]) are particles that carry both electric and 
magnetic charge. The first dyon species is the analogue of electrons and the second 
type ("dyonic ions") is analogous to ions. Let m^m^ be the corresponding masses 
with md <C m<&. Their respective charges are defined as follows: q s = — e if s = al and 
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q s = +e if s = di . Similarly, g s = —g if s = d and g s = +g if s = di. 
The plasma equations for species s will be: 

dtn a (x,t) + V- (n s v s ) = 

m s n s {d t v s + v s ■ Vv s ) = -VP S + q s n s (E + -v s x B), 

c 

+ g s n s {B--v s x E) + K s , (13) 

c 

along with the dualized Maxwell equations flU). 

For the dyonic fluid, the electric and magnetic currents are defined as 

J e = X)*> n * v * = - e ( n d v d ~ n di v di ), J m = ^^n s v s = -g(n d v d - n di v di ). (14) 

Hence, for the one-fluid dyonic plasma, J e and J m are related by 

e 

Je = — Jm- (15) 

9 

This relation is crucial and has important implications. Usual manipulations yield the 
conservation equations: 

dtp' M + V ■ (p' M v) = 0, d tPc + V ■ J e = 0, d tPm + V • J m = 0, (16) 

with pm> and v the usual 1-fluid quantities, and similar to the connection between 
electric and magnetic currents, 
equation for a dyonic plasma is 



electric and magnetic currents, one may show that p c = %p m . The one- fluid force 



p' M {d t v + v • Vv) = -VP' + p c E + p m B + -J e x B — -J m x E, (17) 

c c 

P' being the total pressure. This defines the duality-invariant force equations for a 
dyonic fluid. 

Since the electric and magnetic currents are related for dyons, this means that the 
dyonic generalized Ohm's law must be self dual. Making standard approximations we 
are led to the following form of the Ohm's law for the dyonic plasma 

m d m d jd3 P m d „ . 1 1 

j I ° = -fVP' + (E+-vxB) + i(B--vxE) 

p M e 2 dt 2p M e c e c 

m d T „ , md T 1 



J e x B + — J m x E J e , 
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where the electric conductivity a e appears through the Taylor expansion of in 
terms of the relative velocities {y d — v di ) 

K dl « C3 e = --^3 e . (19) 

m di a e 

One could equally express K. di in terms of J m and a magnetic conductivity a m , which 

2 

by virtue of (p~5f ) is given as a m = ^j<r e . 

This completes our derivation of the dyonic one-fluid equations. They can be ex- 
pressed in a manifestly duality-invariant way by a suitable redefinition of the fields. 
Define duality-invariant electric and magnetic fields 

£ = eE + gB, B — gE- eB, (20) 

together with the duality- invariant quantities J e = -q-,p~ c = an d &e = then in 
terms of these fields, the equations of dyonic MHD can be written as (dropping the ' 
on P and Pm) : 

StPM + V-v = 0, a t p c + v-j e = o, 

5v 1 - 
M^r+v-Vv = -VP + p c £ J e x £>, 

at _ c 

m d m di dJ e m d 1 m d - 1 - 
— = VP + £ v x B H J e x B - — J e , 

p A f 2p M c p M c a e 

VB = 0, V-£ = p c (e 2 + g 2 ), 

We note that, up to factors of (e 2 + g 2 ), these are exactly the equations of ordinary 
MHD with suitable identifications. 

In view of the exact analogy with ordinary MHD, we follow the standard analysis 
in going over to the ideal limit. The important additional ingredient here is that all 
approximations must preserve duality, and as we shall discuss below there is more than 
one way of doing so. In the limit of low temperature and low frequency Ohm's law 
reduces to 

J e = a e (£-^vxB), (22) 
so that as a e — > oo, the requirement that J e remains finite yields 

£ = l v x B. (23) 
c 



S 



This relation can be used to eliminate £ from the equations. Now we have to consider 

how to implement the low frequency limit in the last two equations of the dualized 

Maxwell equations (^). From these equations it might seem reasonable to drop both 

and in comparison to the currents J e and J m respectively. However whilst 

this certainly preserves duality, it leads to a constrained effective ideal MHD in which 

E and B are forced to vanish. This is a consequence of the fact that these fields arise 

purely from the currents J e and J m , and since the latter are proportional then E and 

B are parallel. This condition is incompatible with (|23D unless E = B = 0. 

There is an alternative approach however. Clearly we can apply the usual low 

ac 

frequency approximation to the MHD equations, i.e., we can neglect the Hjj: term in 
Maxwell's equation for VxB, and keep the term j^j- in the equation for V x £. This 
also manifestly preserves duality. However unlike the case of usual MHD, in terms of 
the physical fields E and B such an approximation does not mean that the t variation 
are negligible compared to the currents, indeed they are comparable which is why they 
are not neglected in ([]]). Nevertheless the combined t variation of these fields in £ given 
in p0| ) is assumed negligible compared to the currents, so a kind of cancellation must 
occur. Finally, the infinite conductivity limit a e —>■ oo means that p c — > 0. 

Implementing these approximations and after finally taking the curl of the force 
equation to remove the VP term, we obtain: 

V-v = 0, V-£ = 
Vx(vxS) = f, Vx(f + v.W) = — ±_ ?y x(B.VB)(24) 

Defining B = , 1 B the above ideal dyonic MHD equations are exactly those of 

y/e 2 +g 2 

ordinary ideal MHD with the identifications E <-> £ and B <-> B, or equivalently to 
those of dual MHD with E <-> —B and B <-> £. 

This is an interesting and unexpected result, and it is perhaps worthwhile to try and 
understand it further, particularly when we compare this to the situation in the previ- 
ous section. It seems that by forcing the electric and magnetic charges to be localized 
simultaneously at a point (i.e. the case of dyons), we avoid the "over constrained" sys- 
tem of equations arising from the Ohm's laws (|T2|), which led to the vanishing of E and 
B. Moreover we can try to understand the dyonic case by considering the conserved 
generalized kinetic energy Ek of the ideal plasma in the light of duality symmetry. This 
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is given by 

which is easily seen to be duality invariant. Moreover this expression for Ek goes over 
to the energy we would expect in a plasma of purely electric or magnetic charges as we 
send either g — > or e — > respectively. Now if we again believe that duality symmetry 
in our system is independent of the values of the fluid velocity v then consider going 
to a frame which is comoving with respect to the fluid , i.e., the limit v — * 0. Now, 
crucially it is the duality invariant field £ that vanishes according to ( JZBD not the 
physical electric field itself, which was the case for the plasma of separate e and g 
charges considered earlier. If either E or B vanishes, then unbroken duality symmetry 
implies they both vanish. In fact £ = implies that E = — §B, i.e., the electric and 
magnetic fields are anti-parallel (in our conventions g and e have the same signs), so 
that both E and B are non- vanishing in this limit, and consequently contribute to the 
energy Ek in a duality invariant way. 

To summarize, we have considered the generalizations of the theory of MHD to both 
the cases of a plasma of separate magnetic and electric charges and a dyonic plasma. 
In the limit of infinite electric and magnetic conductivities, it was found that only in 
the case of dyonic plasmas can one have non-vanishing magnetic and electric fields. 
By considering all fields to be independent of one of the coordinates, one can obtain 
an effectively 2d theory of duality invariant MHD which also includes passive scalars. 
The application of CFT techniques to the study of turbulence in these models, which 
extends the investigations in [2,3], is considered in a separate publication [4]. Finally, 
the ideas of [5] in which a string (magnetic and electric) was proposed as a solution to 
the equations of MHD (and its dual) can be generalized to the duality invariant case 
corresponding to a dyonic plasma. This will be reported on in a forthcoming paper. 
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